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Abstract 

The Lax pair for the one-dimensional open XYZ spin chain is constructed, this 
shows that the system is completely integrable . 

In the formalism of the quantum inverse scattering method (QISM), the integrabil- 
ity for the systems with periodic boundary conditions is guaranteed by the Yang-Baxter 
equation, of which the central ingredient is R- matrix [[[], |2|. However, it is interesting to 
find other boundary conditions compatible with integrability for a given model. Based on 
the work of Cherednik 0], SklyaninQ found that there exists boundary condition denned 
by reflection matrices K , which satisfy the so-called reflection equations, compatible 
with the Yang-Baxter equations. These .^-matrices imply boundary terms for the Hamil- 
tonians of the spin systems on the finite interval. Recently, a lot of integrable models 
with open boundaries, both in quantum field theory and in statistical mechanics, have 
been studied extensively using this method |3|-[PJ|. 



On the other hand, for the case of periodic boundary condition, there is a equivalent 
approach, which is called the Lax representation fJJ, to the proof of the integrability of 
the system. In this formalism, a model is said to completely integrable if we can find a 
Lax pair such that the Lax equation is equivalent to the equation of motion of the model. 
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Now, it is natural that one expect a variant of the Lax representation to systems with open 
boundary conditions. In fact, this has been done, for example, for the one-dimensional 



(ID) Heisenberg open XXZ chain [12], the Hubbard model[13[. In this letter, we will 



construct the Lax pair for the ID open XYZ spin-chain. 

The ID open XYZ spin-chain has been investigated from the view of the reflection 
equation^, [J. The corresponding Hamiltonian for the system with N sites is given by|5| 

i N-l 

H = -~ E ( J *«+i + J y«+i + J z «+i) 

Z n=l 

+snrj(A^a z + B-o^ + C-<t7/ + A + a z N + B+a^ + C+a^), (1) 

where 

J x = -2(1 + ksn 2 r]), J y = -2(1 - ksn 2 r]), J z = -2cnr]dnr], (2) 

a®, a^, o z n are Pauli matrices, and A±, B±, C± are constants. The equations of motion for 
the system (1) are given as follows, 

Jfn = -VnK+l + <-l) + ^<K+l + <-l): (3) 

jal = -JX«+i + Ci) + 4<«+i + Ci)> (4) 
iat = - Jxa y(a* +1 + aU) + Jy<K + i + <-i), (5) 



dt 



dt^ 



(n = 2,---,N-l) 



-J y o{a\ + J z a\a z + snr/(-2A_^ + i(B- - C_)of ), (6) 



d a \ = -J z ofa% + J x a z a x + snrj(2A_(T* - (B_ + C„)a z ), (7) 



dt 
df 1 



-J x afa x + J y 0lol - 2isnri{B_af - C_af), (8) 



j f <j x N = -J y al_ 1 a z N + J z a^_ 1 al + snr ] (-2A + a y N + i(B + -C + )a z N ), (9) 

j<j y N = -J z a z N _ 1 a x N + J x a x N _ 1 a z N + snrj(2A+a x N -(B + + C + )a z N ), (10) 

j t °N = -Jx^N-x^N + J v <r y N-i°N ~ 2isnr)(B + a% - C+a N ). (11) 
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In order to rewrite equations above in the Lax form, we consider the following operator 
version of an auxiliary linear problem, 



^ n+1 = L n {u)V n , {n = 1,2,---,N) (12) 

= M n ( M )^ n , (n = 2,.-.,N) (13) 

at 

^n+i = Qn(u)V n +i, (14) 

j*! = Q X («)*!, (15) 

where it is the spectral parameter which does not depend on the time t, L n (u), M n (u), Qi(u) 
and Qn{u) are called the Lax pair. Qi(u) and Qn{u) are responsible for the boundary 
conditions. The consistency conditions for the equations (12)-(15) are the following Lax 
equations: 

jL n {u) = M n+1 (u)L n (u) - L n (u)M n (u), (n = 2, ■ ■ ■ , N - 1) (16) 

^-L N (u) = Q N {u)L N (u) - L N (u)M N (u), (17) 
at 

jLx{u) = M 2 (u)L 1 (u)-L n (u)Q 1 (u). (18) 

From the eqs. (3)-(5) and (16), we see that they are the same as those in the case of 
periodic boundary condition. For the XYZ model with periodic boundary condition, the 
Lax pair L n , M n has been given by Sogo and WadatiflUfl. So, for the open XYZ model, 
we only have to construct operators Qi(u) and Qn{u). If we write Qi(u) and Qn{u) in 
the following forms: 

Q l {u) = (a^) 2x2: Q N (u) = (a^) 2x2 (19) 

and 

4~ } = E4rM, ^E^Mr, (20) 

1=0 1=0 

where cr° = 1, a 1 , a 2 , cr 3 = a x , a y , o z are the Pauli matrices, then after a lengthy calcula- 
tions, from eqs. (17) and (18), we obtain the expressions for a\f^(i,j = 1, 2, 1 = 0, 1, 2, 3) 
as follows, 



(±)o 4isnr]A± 

ail = £j a{u)b{u); (21) 



^{±(B ± - C ± )c(u)(-2e(u) + /(«) + g(u)) 

-(B ± + C ± )(b 2 (u) + c 2 (u)-f(u))}; 

±^-{±(B ± - C ± ){a\u) + c\u) - e\u)) 

+(B ± + C ± )c(u)(f(u)-g(u))}; 

G 3 -<- 
2isnr] 



isnr]A± 
G 3 jj—d{u); 



D 



-c(u){(B ± - C±)a(u) + (B± + C±)b(u)}; 



Gi ± ^^b(u)(-2e(u) + /(«) + </(«)); 

-iG 2 ±^^a(u)(-f(u)+g(u)); 

=F^(/(«) + ff(«)){(5± - C ± )a(«) + (S ± + Cfc)&(«)}; 

^c(«){-(B ± - C±)a(«) + (B ± + C ± )6(«)}; 

Gi =F ^^b(u)(-2e(u) + /(«) + </(«)); 

zG 2 ±^p^a(u)(-f(u)+g(u)); 

±^(/(«) + ff(«)){-(5± " C±)a(«) + (5 ± + C ± )6(«)}; 
-a (±)0 - 

"11 ! 

^{±(S ± - C ± )c(u)(2e(u) - /(«) - 
-(fi ± + C ± )(6 2 H + c 2 ( W )-/ 2 H)}; 
^{(5 ± -C ± )(a 2 ( M ) + c 2 ( W )-e 2 ( M )) 
T(S ± + C ± )c(«)(/(«)- ff (ti))}; 

3 Jj— d ( u ) 



a(u) = w 2 w 3 + W1W4, b(u) = W1W3 + w 2 w±, 
c(u) = W 1 W 2 + w 3 w 4 , 

d(u) = (w 2 - wi) 2 {(w 3 - w A f - (w 2 + wi) 2 } + 
+ {w 2 + w 1 ) 2 {(w 3 + w 4 ) 2 - (w 2 - W1) 2 }, 



e(u) = w\ - u$, f(u) = w\- tuf, flf(w) = - w|, 
+ W2(u) = snr], Wi(u) — 102(11) = ksnr]snusn(u + i]), 
w 3 (u) + W4 = sn(u + rj), w^iu) — w 3 = smt, 



for the explicit expressions of D, G\, G2, G3 see ref. In the trigonometric limit k — > 



where snw — > sinu and taking J x = J y = 1, J z = cos 77, S± = C-t = 0, we recover the re- 
sult in the case of open XX Z model given in the ref. [0 (up to a replacement of 77 by 2rj). 



The eqs.(19)-(36) combined with L n , M n given in ref. [14] are the Lax pair for the open 
XYZ spin-chain. Now we make two remarks. For systems with periodic boundary con- 
ditions, Korepin et al. proved that the Lax equation can follow from the Yang-Baxter 
equation. In the case of open boundary conditions, the integrability is guaranteed by 
both the Yang-Baxter equation and the reflection equations. Then we should discuss the 
relations between the Lax representation and the reflection equations . Furthermore, if we 
construct conserved quantities from the transfer matrix, then there are some constraints 
for Qi(u), Qn{u) and K ± -matrices. Whether the constraints hold for Qi(u), Qn( u ) given 
in this letter and K ± -matrices in ref. should be considered. We expect to discuss these 
problems elsewhere. 

We would like to thank Prof. Ke Wu and Prof. Shi-kun Wang for useful discussions. 
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